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A TECHNIQUE USING A NONLINEAR HELICOPTER MODEL 
FOR DETERMIMNG TRIMS AND DERIVATIVES 
Aaron J. Ostroff, David R. Downing, 
and William J. Rood* 
Langley Research Center 
SUMMARY 
This paper describes a technique for determining the t r ims  and quasi-static deriva- 
t ives of a flight vehicle for  use in a l inear perturbation model; both the coupled and uncou- 
pled forms of the l inear perturbation model are included. Since this technique requires a 
nonlinear vehicle model, detailed equations with constants and nonlinear functions for the 
CH-47B tandem rotor  helicopter are presented. Tables of t r ims  and derivatives are in- 
cluded for  airspeeds between -40 and 160 knots and r a t e s  of descent between +10.16 m/sec  
(k.2000 ft/min). A s  a verification, the calculated and referenced values of comparable 
t r ims,  derivatives, and linear model poles are shown to have acceptable agreement. 
INTRODUCTION 
Avionics research  for helicopters i s  in progress  at  the Langley Research Center 
as par t  of the VTOL approach and landing technology (VALT) program (ref. 1). 
NASA/Army/Boeing Vertol CH-47B helicopter will be used as a tool to evaluate advanced 
research concepts relating to navigation, guidance, control, and displays. In order  to 
ass i s t  this effort, a mathematical model of the CH-47B is required. Although a nonlinear 
model i s  available f rom the TAGS program (ref. 2), the complications become immense 
when the development of a feedback controller for the vehicle i s  considered a pr ime goal. 
Furthermore,  the computational time during simulation can become significant, especially 
if the model contains a large number of nonlinear functions. 
An 
An alternate approach i s  t o  represent the vehicle by a linear perturbation model 
consisting of t r ims  and stability and control derivatives. Since data for  the complete 
CH-47 flight regime are unavailable in the l i terature,  a method to  calculate the t r ims  and 
derivatives i s  needed. 
nonlinear model, that automatically determines the t r im  conditions and the stability and 
control derivatives for any vehicle. 
the CH-47B and are compared with existing data (ref. 3) where available. 
This report, therefore, describes a general procedure, using a 
The data generated in this paper are specifically for  
*Vought Corporation, Hampton, Virginia. 
This report  i s  divided into three main sections. The first section describes the 
approach for  calculating the t r ims  and the stability and control derivatives. 
solution to the six steady-state equations of motion is used to  balance the forces  and 
moments in a body-axis reference frame. Six t r im  variables are calculated for  various 
flight regimes; these are the pitch and roll  attitudes relative t o  a level-heading frame and 
the four control st ick positions. Quasi-static derivatives (ref. 4) are determined by cal-  
culating the changes in the forces  and moments due t o  a small  perturbation in each of the 
state and control variables. The second section describes the twin-engine7 tandem -rotor 
helicopter model used t o  calculate the forces  and moments. This  model i s  essentially the 
large maneuver model used in reference 2, with modifications to  give a better representa-  
tion of the CH-47B. The equations a r e  divided into major modules representing specific 
areas o r  major functions. A brief description of each module i s  presented in this section 
and the actual equations are given in an  appendix. T r i m s  and derivatives obtained by the 
methods described in this paper a r e  discussed in the third section and a r e  compared with 
data from reference 3; this section includes plots of selected derivatives and t r ims  fo r  
zero ra te  of climb and a velocity range of -40 to  160 knots. The data are presented gen- 
erally in both SI Units and U.S. Customary Units. Calculations were made in U.S. Custo- 
mary  Units. Five appendixes include a discussion of the sign convention and major coor-  
dinate f rames  used (appendix A),  equations for  the helicopter nonlinear mathematical 
model (appendix B), constants for  the CH-47B (appendix C),  a linear perturbation model 
(appendix D), and a se t  of tables (appendix E) containing the t r i m s  and derivatives for  




stability derivative matrix 
control derivative matrix 
gradient matrix of P with respect to KT, 8 ,  and $I 
jth column vector of [C] 
rotor thrust  coefficient 
interference factor of front rotor on rear rotor (see eqs. (B38) and (B41)) 
interference factor of rear rotor  on front rotor (see eqs. (B39) and (B40)) 
F T ~ T  vector of total force on vehicle, N, and vector of total moments on vehicle, 
N-m (see fig. D1) 
FX, FY,FZ summation of thrust  and aerodynamic forces  along body x-axis, y-axis, 
and z-axis, respectively, N (see fig. A l )  
g acceleration due to gravity, m/sec2 
%Hr drag force of front o r  rear rotor perpendicular to  shaft in downwind direction, 
N (see fig. A2) 
hf,hr distance from center of gravity of helicopter to front or  r e a r  rotor hub, mea-  
sured parallel to helicopter z-axis, m (see fig. A2) 
Ixx,IYY,Iz z helicopter moments of inertia about X-axis, Y-axis, and Z-axis, respec- 
tively, kg-m2 
helicopter product of inertia in XZ -plane, kg-m2 
angle of incidence of rotor shaft, rad (see fig. A2) 
dummy variables for  counting 
total rolling, pitching, and yawing moments about center of gravity of helicop- 
ter ,  N-m (see fig. A l )  
distance from center of gravity of helicopter to projection of front o r  r e a r  
rotor hub on x-axis, m (see fig. A2) 
helicopter mass,  kg 
vehicle angular velocity about body x-axis, y-axis, and z-axis, respectively, 
rad/sec (see fig. Al )  
6 Y 10 stability derivative matrix defined by equation (15) 
jth column vector of [SI 
thrust  force of front or  rear rotor parallel  to  shaft, N (see fig. A2) 
3 
I 
velocity of vehicle along body x-axis, y-axis, and z-axis, respectively, m/sec  
(see fig. A3) 
vector of vehicle velocities expressed in a body f rame o r  a local level frame, 
m/sec 
free-s t ream velocity, m/sec 
orthogonal coordinate system with X-axis parallel  to  Earth in direction of 
forward flight, Z-axis down toward center of Earth, and Y-axis completing 
a right-hand coordinate f rame (see fig. A l )  
orthogonal body-axis coordinate system with x-axis toward front of vehicle, 
z-axis pointing downward, and y-axis completing a right -hand coordinate 
f rame (see fig. A l )  
rotor-hub axes, parallel  to body axes but centered at rotor hub (see fig. A2) 
rotor-shaft axes, centered at rotor hub with zs-axis down along rotor shaft, 
ys-axis coincident with y'-axis, and xs-axis forward t o  complete a right- 
hand f rame (see fig. A2) 
rotor wind axes, related to  rotor-shaft axes by rotor angle of sideslip 
(see fig. A2 and eq. (A3)) 
vehicle horizontal airspeed, knots (see figs. 9 to  15) 
summation in equation (6) of aerodynamic, thrust, and gravitational forces 
along body x-axis, y-axis, and z-axis, respectively, N 
Xfus,Yfus,Zfus fuselage aerodynamic force along body x-axis, y-axis, and z-axis, 
respectively, N 
2 
Z N  nominal state vector 
general state vector (see appendix D) 
derivative of nominal state vector Z N  
4 
perturbation state vector 
derivative of perturbation state vector 
total state vector of vehicle 
derivative of total state vector 
output vector f rom HELICOP defined by equation (6) 
side force of front o r  rear rotor perpendicular to  shaft and directed 90° f rom 
downwind in direction of rotor rotation, N (see fig. A2) 
vehicle vertical  velocity, positive down toward Earth center, m/sec 
fuselage angle of attack, deg (see fig. A3) 
fuselage angle of sideslip, deg (see fig. A3) 
sideslip angle of rotor, rad  (see fig. A2) 
general  control vector (see appendix D) 
jth component of ZT 
perturbation vector 
jth component of AF 
A FT, A6 , A $I correction te rms  to  TT, 6 ,  and $I for t r im  calculations (see fig. 2) 
A T  perturbation vector in 3 (see fig. 4) 
6 ~ ~ 6 ~ ~ 6 ~ ~ 6 ~  longitudinal, collective, lateral, and directional controls, cm 








convergence tolerance vector for  t r im calculations (see fig. 2) 
pitch attitude of vehicle, deg (see fig. A l )  
rotor inflow rat io  
component of inflow ratio due to  f ree-s t ream velocity 
rotor advance ratio 
variable step parameter  (see eq. (8)) 
10 x 1 parameter  vector defined by equation (14) 
a i r  density, kg/m3 
roll  attitude angle of vehicle, deg 
rotor rotational speed, rad/sec 
vector of vehicle angular velocity expressed in a body frame,  rad/sec 
Subscripts : 
f front 
r r e a r  
N nominal 
P perturbation 
Stability derivative notation: 
where B can be X, Y, Z, L, M, N and A can be U, V, 
W7 P, Q7 R, 6B7 6C7 6S7 6R 
6 
CALCULATION OF TRIMS AND STABILITY DERIVATIVES 
Background 
The motion of a vehicle can be described by the general  nonlinear vector differential 
equation 
where i s  the total state vector and TT i s  the total control vector. The vehicle 
motion can also be represented as the sum of a nominal t r im  motion (ZN,~N)  and a per tur -  
bation (zp,Zp) about the nominal. 
input vector are given by 
With this approach, both the state vector and control 
- 
The nominal t r im variables %N and 6~ are then chosen to satisfy 
Exp,anding equation (1) about the nominal t r im  values and retaining only f i rs t  -order t e r m s  
in zp and gp gives the linear vector differential equation 
zp = [ A ] z p  + [B]gp 
- 
Equation (5) i s  a good representation of the motion of the vehicle near the t r im ZN, 6 ~ ,  
i.e., for small  zip and rp. The matrices [A] and [B] are the stability and control de- 
rivatives of the vehicle. 
stability derivative matrix. 
appendix D. 
Fo r  convenience, matr ices  [A] and [B] a r e  referred to as the 
A detailed representation of equation (5) i s  given in 
Tr ims  
The calculation of static t r im  conditions and associated stability derivatives makes 
The nonlinear model, discussed 
As shown in figure 1, inputs to HELICOP 
repeated use of a large maneuver model of the CH-47B. 
in a la ter  section, i s  re fe r red  to  as HELICOP. 
include constants such as a i r  density p, distances of rotor hubs from center of gravity 
7 
I I l l  I1 111 I 1  I1 I 
I 
Input  c o n s t a n t s :  
P, my I f ,  l r ,  hfy hr 
I f ,  I,, hf, hr, and mass  m and variables such as vehicle velocity ?L expressed in 
a local level frame, vehicle angular velocity 6~ expressed in the body frame, roll  angle 
Input  v a r i a b l e s :  
+ +  + 
v L ,  8 ,  ($5 6 ,  
4, pitch angle 
~~ - 
Output 1 FX +- mg case s i n 0  sin] 
-+ Y = F + mg cos0 cos@ 
Figure 1.- Input-output definition for  HELICOP. - 
The output from HELICOP is the 6 x 1 vector of forces  and moments Y. The f i r s t  
three components of Y (i.e., X, Y, Z) are the sum of the body-axes aerodynamic and 
thrust  forces  Fx, Fy, FZ and gravitational forces.  The second three components of 
Y a r e  the total moments L, M, N about the vehicle center of gravity expressed in 
body axes. 
dix A, figure A l .  The vector 9 i s  given by 
- 







N - N 
= 
r 
F X - m g s i n e  -, 
Fy + mg cos 8 s in  @ 
F~ + mg cos e cos 4 = 
L 
M 
where g i s  the acceleration due to  gravity. 
The t r im condition implies a special set of the vehicle velocities, stick positions, 
and attitude angles that produce static equilibrium; i.e., the sum of the forces  and moments 
equals zero (? = 0). 
fixed values of p, m, If, I,, hf, hr, and 6~ and discrete values of TL. For  each 
VL, the program iterates on 6 ~ ,  8, and @. 
tudes e(') and @(O). (The superscr ipts  refer t o  the iteration number.) If %?(i) i s  not 
within a predetermined convergence tolerance E ,  then TT, 8, and @ are updated by 
increments A ~ T ,  A8, and A$. These updates are calculated using the negative of the 
gradient of ? with respect to TT, 8, and @ (ref. 5). The approach for  calculating the 
gradient matr ix  [C] is described later in this section. A gradient step that would reduce 
Y(l) 
The t r im conditions defined herein are calculated and tabulated for 
A s  shown in figure 2, initial guesses are made for  the stick positions r$') and att i-  
- 
- .  
to zero if the relation were linear i s  
Since ? i s  a nonlinear function of TT, 8, and @, the step given by equation (7) may be 
too large (linearity could be violated); consequently, a parameter  v i s  introduced s o  that 
the size of the gradient steps can be reduced to: 
9 
I1 IIIII Ill1 Ill I1 
Calculate 
gradient 
matrix 1 I C 1  
Figure 2.-  Flow chart for trim calculations. 
10 
I 
-- ..- - . . __. . .  . . 
where 0 9 v 2 1. A value of 0.1 for  
cases.  
v w a s  found to give rapid convergence for  all t r im 
The control st icks and attitude angles are updated by 
This process i s  iterated until all components of 
vergence tolerances of 0.04448 N (0.01 lb) for  the force components and 0.00136 N-m 
(0.001 ft-lb) for the moment components were used. 
t r im  condition defined by the constants VL, z ~ ,  m, p, Zf ,  Z r ,  hf, hr, and the final 
values of the variables TT, 8, and @ is  recorded. The t r im  values of r ~ ,  8, and @ 
are designated g ~ ,  8N, and @N. 
shown in figure 3.  Inputs include the final updated values ~ ( i )  T , 8(i) 
and a control-stick perturbation vector 
HELICOP (p, m, If, I,, hf, hr, VL, and &). The approach i s  to  estimate the f i rs t  
four columns of [C], relating to the four control channels, by using a perturbation approx- 
imation to the derivative and to estimate the last  two columns, relating to  the attitudes 8 
and @, by using an analytic expression for the derivative. 
moments Tj 
t rol  channels. 
the change in P due to  the perturbation in control stick Ap'., as shown in 
are sufficiently close to zero. Con- 
When convergence i s  reached, the - 
A flow chart  illustrating the technique for calculating the gradient matrix [C] is  
@(i), and $i) 
Ap'. Also required a r e  the other basic inputs to  - 
A new set  of forces and 
a r e  generated by separately applying a perturbation to  each of the four con- 
Each of the f i r s t  four columns of [C] are then approximated by calculating 
J 
A s  an approximation to save computer time, the gradient of 7 with respect to the att i-  
tude angles 8 and @ is  generated by performing the partial  derivative operations on 
equation (6) and by assuming that Fx, Fy, Fz, L, M, and N are not functions of 
8 and @. The last  two columns of [C] a r e  given by 
11 
I l l  I 
Current value : I 
1 
. 
j=j+l  L 
I- 
Figure 3 . -  Flow chart for calculation of gradient matrix [C]. 
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The fifth and sixth columns of [C] are then a?/@ and a?/a@ evaluated a t  = e(’) 
and @ = $(i), Le., the present estimates of the t r im  attitude angles. 
The gradient matrix [C] i s  
Stability Derivatives 
The stability derivatives a r e  used t o  approximate the behavior of the vehicle about a - 
t r im  condition when subjected to small  perturbations in FB, C ~ B ,  and 6 ~ .  For conve- 
nience, define the 10 X 1 parameter  vector as 
13 
The 6 x 10 stability derivative matrix [SI i s  defined as the gradient of ‘k with respect t o  
F, evaluated at t r im  conditions, as shown in the following equation: 
The stability derivatives, shown in figure 4, are calculated by changing one compo- 
nent of the parameter  vector 5 by a small  amount A <  and by leaving all other compo- 
nents at their t r im values. (The subscript j refers to  the element in g.) This new se t  
of inputs i s  then put into HELICOP,  resulting in a changed output ?. In order to get a 
and $2), respectively. The jth column of [S] is then approximated as 
( ;) 
reasonably good fit, both a positive and a negative perturbation a r e  used to produce Y 41)  
The size of A 5  was kept small  to get a good approximation; 1 percent of the typical 
range of that variable was used. The perturbations are tabulated as follows: 
AU, m/sec . . . . . . . . . . . . . . . . . . . .  0.792 
AV, m / s e c .  . . . . . . . . . . . . . . . . . . .  0.152 
AW, m/sec .  . . . . . . . . . . . . . . . . . . .  0.152 
A P ,  rad/sec . . . . . . . . . . . . . . . . . . .  0.005 
AQ, rad/sec . . . . . . . . . . . . . . . . . . .  0.005 
AR,  rad/sec . . . . . . . . . . . . . . . . . . .  0.005 
A ~ B ,  cm . . . . . . . . . . . . . . . . . . . . .  0.330 
A ~ c ,  cm . . . . . . . . . . . . . . . . . . . . .  0.229 
A 6 s ,  cm . . . . . . . . . . . . . . . . . . . . .  0.216 
A ~ R ,  cm . . . . . . . . . . . . . . . . . . . . .  0.190 
14 
I 
L j= j+ l  
L I 
L 5  HELICOP 
Figure 4.- Flow chart for stability derivatives. 
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I1 I l l  I I I  I I I 
HELICOPTER NONLINEAR MODEL 
The CH-47 (Chinook) is a twin-engine tandem rotor  helicopter (see fig. 5 taken from 
ref. 6) designed for  all-weather, medium-sized t ransport  type operations. The three 
bladed ro tors  are driven in opposite directions through interconnecting shafts which enable 
both rotors  to  be driven by either engine. The rotor heads are fully articulated, with 
pitch, flapping, and drag hinges. 







Figure 5.- Three-view drawing of the CH-4°C helicopter taken 
from reference 6 (1 f t  = 0.3048 m; 1 in. = 0.0254 m). 
The equations describing the helicopter are taken from reference 2, with a few mod- 
ifications to give a better representation of the CH-47B, and are shown in appendix B for 
completeness. Only steady-state equations are included since the desired purpose of this  
research is to  calculate t r ims  and quasi-static derivatives. The only two areas affected 
by this approach are control mixing and rotor inflow ratio. 
(HELICOP) has been developed in modular form for  computer programing, the transient 
response dynamics can be easily added if desired. 
Since the helicopter model 
16 
A flow chart  for  HELICOP is shown in figure 6 .  Each box represents a major mod- 
ule that is described in the following sections in  the order  shown on the flow chart. 
Although HELICOP has been specialized for the CH-47B, only minor variations 
would be required to  represent other tandem rotor helicopters. 
Rotor f o r c e s  
and moments 
- 
I n i t i a l i z a t i o n  
Governor 
Transformation parameters  
and 
Aerodynamic coord ina te  t r ans fo rma t ion  
Control  mixing 
Coordinate t r ans fo rma t ion  
fI o u t p u t  
Figure 6 . -  Flow chart  for  HELICOP. 
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Governor 
For the purpose of this program, the rotor rotational speed Q i s  a constant. The 
model can be expanded in the future to include engine dynamics.and to investigate the sen- 
sitivity of the t r ims  and derivatives to changes in angular velocity. 
Transformation Parameters and Aerodynamic Input 
Coordinate Transformation 
The linear velocities of each rotor referenced to the i r  respective shaft incidence 
angles and the angular velocities referenced to  the rotor  wind axes are calculated (see 
appendix B, eqs. (B2) to (B9) for the front rotor and eqs.  (B12) to  (B19) for  the rear rotor).  
The relationship of the rotor wind axes to the body axes i s  shown in figure A2 of appen- 
dix A. Normalizing the horizontal and vertical  velocities of each rotor by the rotor tip 
speed allows calculation of the rotor  advance rat io  
due to f ree-s t ream velocity X'  
p and the component of inflow ratio 
(eqs. (BlO), (Bl l ) ,  (B20), and (B21)). 
Control Mixing and Coordinate Transformation 
Equations for  f i r s t  and second stage mixing are combined and shown in simplified 
form (eqs. (B22), (B23), (B25), and (B26)). 
quasi-static derivatives are desired. 
tions were checked t o  verify that physical l imits  are not exceeded. 
This simplification i s  possible since only 
For  each t r im  condition, the final stick t r im  posi- 
The CH-47B and CH-47C models have actuators at both front and rear rotors  to  
automatically introduce forward longitudinal cyclic pitch as a function of airspeed. 
t r im  schedules (fig. B1) affect the t r im  values at higher airspeeds.  
and longitudinal cyclic pitch angles a r e  transformed from the body axis coordinate f rame 
to  the rotor wind axis f rame (eqs. (B24) and (B27)). 
These 
Finally, the la teral  
Rotor Inflow Ratios, Thrust Coefficients, and Interference Parameters  
There are four nonlinear equations that contain t e r m s  for  the rotor inflow rat ios  
hf, hr and the thrust  coefficients CT,f, CT,r.  The problem i s  to  find values that sat- 
isfy all equations. The approach used i s  to initially guess at two of the variables and then 
i terate until all four variables converge within a predefined tolerance. Figure 7 i s  a flow 
chart showing the major s teps  in calculating the four variables. 
calculated for  flight conditions which differ by small  s teps  in velocity, the past  values of 
Xf and Xr a r e  used as the initial guess for  the new flight condition. By means of equa- 
tions (B28) to (B35) and the initial guess, C T , ~  and CT,r are then calculated. A non- 
linear function simulating rotor lift stall is  included in the thrust  coefficient calculations 
and is shown in figure B2. 
Since t r ims  are being 
18 
I n i t i a l  guess at 
Figure 7 .  - Convergence loop for  calculating rotor inflow 
rat ios  and thrust  coefficients. 
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Interference parameters  dFFR, dFRF between the two ro tors  are functions of the 
inflow ratio, advance ratio, and rotor sideslip angle (eqs. (B36) t o  (B41)). For  backward 
flight, the interference parameters  are interchanged; i.e., equations (B40) and (B41) are 
used in place of equations (B38) and (B39). New values for  Xf and X r  are then calcu- 
lated (eqs. (B41) and (B43)) by using the values obtained for  the thrust  coefficients, inter-  
ference parameters,  and components of inflow rat io  due t o  the f ree-s t ream velocity. 
The new values of Xf and Xr are then used to calculate new values for CT f 
and C T , ~ ,  as described previously. If CT,f and C T , ~  agree with the previous values 
within 0.0001 percent, the iteration i s  assumed complete. If the convergence tolerance i s  
not met, Xf  and X r  are modified by adding a fraction of the difference between the old 
and new inflow rat ios  to the previous values. The process  i s  then repeated for  another 
iteration. A number that works reasonably well for  this fraction i s  0.25. 
Rotor Forces  and Moments 
Inputs to this module include rotor inflow and advance ratios, longitudinal and lateral  
cyclic pitch angles, collective pitch angles, blade twist, rotor angular velocities, and rotor 
parameters.  These inputs are used to  calculate thrust, coning angle, longitudinal and lat- 
eral flapping angles, horizontal and side forces,  required torque, and both pitching and 
rolling hub moments. A correction factor t o  simulate s ta l l  at high airspeed is included by 
increasing the average rotor drag coefficient ( ~ F H  and  RH of appendix B). The force 
and moment calculations for the front and rear ro tors  a r e  shown in equations (B44) to 
(B74). 
Assumptions used in development of these equations include: (1) constant induced 
velocity through the rotor disk, (2) small  flapping angle and inflow angle of attack, (3) neg- 
ligible second and higher order  harmonics for flapping, (4) negligible effect of the reverse  
flow region, and (5) infinitely rigid blades in a l l  directions. 
constant in all of these calculations. 
function of altitude. 
The a i r  density is  assumed 
Provisions can be made to  change a i r  density as a 
Fuselage Forces  and Moments 
Equations (B75) t o  (B90) show the approach for calculating the fuselage parasi t ic  
drag forces and moments. 
moments to angle of attack cqUs and sideslip angle Pfus are taken from reference 2. 
Figure A3 of appendix A illustrates the sign convention for afUs and Pfus. A different 
approach w a s  used t o  calculate the fuselage aerodynamic force along the body x-axis 
Xfus since a numerical value for the flat-plate drag area was  not available. A figure 
plotting the quotient of the drag to dynamic pressure  as a function of afus and Ofus 
Analytical expressions relating the fuselage forces  and 
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can be found in reference 3 and i s  shown in figure B3. Interpolation is then used t o  obtain 
the flat-plate drag area. 
Total System Forces  and Moments 
Equations (B91) t o  (B96) show the summation of the total aerodynamic forces  and 
moments acting on the helicopter. 
the rotor wind axes to the aircraf t  body axes and are then summed with the fuselage forces  
and moments. The rotor forces  a l so  contribute aerodynamic moments about the helicopter 
center of gravity. As shown in figure A2, the positive directions for  the front and rear 
rotor side forces  are opposite each other. 
The rotor  forces  and moments are transformed from 
RESULTS AND DISCUSSION 
Using the techniques and the nonlinear model (HELICOP) described ear l ier ,  a se t  of 
t r ims  and stability derivatives for  the entire flight envelope w a s  generated for  the CH-47B. 
These data are presented in appendix E and a r e  sufficient to allow the CH-47B to  be rep-  
resented by either the l inear coupled model or  the l inear uncoupled model discussed in 
appendix D. 
A major factor that impacts the validity of these t r ims  and derivatives i s  the com- 
pleteness of HELICOP. In order  to establish confidence in HELICOP, a comparison i s  
made with referenced data. 
for level flight (Z = 0) at  horizontal velocities of X = 0, 40, 80, 120, 140, and 160 knots 
(ref. 3). These data include 2 angle t r ims ,  4 control-stick t r ims ,  and 30 stability deriva- 
tives required i n  the uncoupled linear model. Since both the nonlinear model and the tech- 
nique used to generate the referenced data a r e  not documented, the cause of any difference 
between referenced and calculated data cannot a lways  be determined. 
u re  8, the linear-model analysis consists of comparing the calculated and referenced val- 
ues of t r ims,  stability derivatives, and poles of the linear model. 
The most complete set  of data available in the l i terature i s  
A s  shown in fig- 
The calculated and referenced values of the stick and attitude t r ims  are shown in 
figure 9. 
Both the shapes and magnitudes of the two se ts  of t r im data agree very closely for all 
compared velocities. 
the maximum e r r o r  in @ N  is  less than 0.4O a t  160 knots. 
agreement with a slight divergence between the calculated and referenced values in high- 
speed flight. 
~ B , N ,  1.01 cm (0.4 in.) for  
fo r  ~ R , N .  
Additional calculated values are included to  better define the shape of the t r ims.  
The maximum e r r o r  in BN is a t  80 knots and is less  than 0.70; 
The stick t r ims  show excellent 
The maximum e r r o r s  occur a t  160 knots and are 1.09 cm (0.43 in.) for 
6 c  N, 0.23 cm (0.09 in.) fo r  ~ s , N ,  and 0.94 cm (0.37 in.) 
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t r i m s  and s t a b i l i t y  d e r i v a t i v e s  
Figure 8. - Model verification. 
Plots of the referenced and calculated stability derivatives are presented in fig- 
Approximately two-thirds of the 30 stability derivatives show excellent ures  10 to 15. 
agreement for all velocities. 
magnitude, although the shapes generally agree quite well. 
(X = 0). For  this velocity the calculated values of several  derivatives, e.g., YV and 
Nv, were found to  be larger  in order  of magnitude than the referenced values. 
imply a radical change in the behavior of the vehicle in the vicinity of hover. 
ior i s  not observed in the actual vehicle; it is concluded therefore that HELICOP and 
the calculated derivatives do not adequately describe the CH-47B at X = 0. 
e a r  model representation (HELICOP) at hover i s  the suspected source of this anomaly. 
So as to generate reasonable values of calculated derivatives at  X = 0, a third-order 
curve was fitted through the calculated values at X = -40, -20, 20, and 40 knots. This 
function was evaluated at X = 0 to generate the values shown in figures 10 to 15 and in 
the tables of appendix E. 
The remainder of the derivatives have some differences in 




Approximately one-third of the stability derivatives exhibit some differences in 
magnitude between the two se ts  of data. 
referenced and calculated data (table I) shows the stability-derivative magnitude differ- 
ences to  be acceptable. Zeros of the models have also been calculated but are not included 
in table I since there  i s  no simple and meaningful cri terion for  evaluating the effects of the 
zeros  in a multi -input multi -output system. 
A comparison of the linear-model poles for both 
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Figure 9. - Control-stick and attitude-angle t r ims  of vehicle. 
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Figure 10. - Longitudinal -force stability and control derivatives. 
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Figure 12. - Pitching-moment stability and control derivatives. 
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Figure 13. - Lateral-force stability and control derivatives. 
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TABLE 1.- POLES OF REFERENCES AND CALCULATED LINEAR MODELS 
140 
16 0 
(a) Longitudinal (b) Lateral 
0.131 f 0.600j 
-1.17 
0.156 f 0.640j 
0.127 f 0.350j 
-0.046 
-1.24 




0.260 f 0.402j 0.204 f 0.623j 
X, knots Calculated poles Referenced poles X, knots Calculated poles Referenced poles 
0 -0.2977 -0.272 0 -0.987 -0.942 
0.064 f 0.459j 0.123 f 0.4693’ -1.404 -1.040 
I 0.078 f 0.459j 0.094 f 0.440j -0.042 -0.082 
‘ 40 0.388 0.4 27 40 -1.02 -1.03 
0.065 f 0.440j 0.089 f 0.469j -0.091 f 0.286j -0.064 f 0.268j 
-2.23 -1.90 -0.035 -0.062 
80 0.555 0.645 80 -1.11 -1.11 
-0.093 f 0.2423’ -0.067 f 0.209j 0.077 f 0.386j 0.096 f 0.515j ~ 
-2.77 -2.55 -0.039 -0.049 
I 










-0.035 f 0.096j -0.002 I 











The form of the referenced and calculated poles shown in table I agree at  all veloci- 
ties except for two longitudinal poles a t  140 knots. 
point in the velocity sweep where a pair  of complex roots at lower velocities become real 
roots at higher velocities. 
This exception occurs a t  a transition 
Comparing poles near the origin (real  pa r t s  less than 0.1 rad/sec) for  both longitudi- 
nal and lateral cases  shows that the real par t s  of all roots  differ by less than 0.03 rad/sec,  
except for  a pair  of la teral  roots at k = 0 and a single la teral  root at X = 160 knots. 
For roots with real par t s  larger  than 0.1 rad/sec, only a single longitudinal root at X = 0 
and a pair  of lateral  roots at  X = 160 knots have differences in their  real par t s  greater  
than 20 percent. The majority of the imaginary par t  of the roots a lso exhibit s imilar  close 
agreement . 
The excellent agreement of the control-stick and attitude-angle t r ims ,  the shape and 
magnitude agreement of the majority of the stability derivatives, and the agreement of the 
pole location indicate that HELICOP and the referenced nonlinear model agree (except at  
X = 0) with regard to the stability character and fundamental modes of response of the 
CH-47B. Exceptions do exist  which produce differences in some zeros  that could lead to  
different t ime responses. 
C ONC LUSIONS 
This report  contains a complete se t  of mater ia ls  needed to mathematically describe 
the CH-47B helicopter. The material  includes both a nonlinear model (HELICOP) and a 
linear coupled model with its 6 t r ims  and 60 quasi-static stability derivatives covering the 
entire flight regime. The resul ts  from comparison with reference data show that the lin- 
ear model and HELICOP are a good representation of the CH-47B, the exception being that 
HELICOP i s  questionable at  zero  airspeed. A comparison with data available in the l i ter-  
a ture  was made for the t r ims ,  stability derivatives, and poles of the uncoupled linear 
model for  positive velocities and zero rate  of descent. 
The two attitude-angle t r ims  and four control-stick t r i m s  show excellent agreement 
at all velocities. 
good agreement regarding shapes, and the majority agree in magnitude. 
the poles of the l inear model near the origin (real  par t s  less than 0.1 rad/sec) agree 
within 0.03 rad/sec. 
show differences in rea l  pa r t s  greater  than 20 percent. 
par t s  a lso exhibit close agreement. 
The 30 stability derivatives comprising the uncoupled model show very 
All  but three of 
Only three roots which have rea l  par t s  greater  than 0.1 rad/sec 
The majority of the imaginary 
38 
The technique used t o  generate the t r ims  and stability derivatives is general and 
could be applied to  other vehicles. 
equivalent to  HELICOP, which generates forces and moments from attitude angles and 
cont r ol -stick inputs. 
A l l  that is required is a nonlinear model of the vehicle, 
Langley Research Center 
National Aeronautics and Space Administration 
Hampton, Va. 23665 
March 25, 1976 
39 
APPENDIX A 
SIGN CONVENTION AND COORDINATE FRAMES 
This  appendix defines the sign conventions, angles, and coordinate f rames  used in 
this paper. Figure A1 i l lustrates the relationship between the local level axes (X, Y, Z) 
and the body axes (x, y, 2). The local level f rame has its origin at the vehicle center of 
gravity. The Z-axis is down and coincident with the Earth vertical; the X-axis i s  the pro-  
jection of the vehicle's longitudinal body axis  along the Earth with positive direction 
defined in forward flight; and the Y-axis completes a right-hand coordinate frame. 
Figure A l .  - Angular velocities, aerodynamic forces  and moments, and relationships 
of local level axes and body axes with positive directions of vehicles. 
The body f rame has i ts  origin a t  the vehicle center of gravity. The x-axis i s  along 
the reference longitudinal direction of the vehicle with the positive direction pointing for  - 
ward; the z-axis i s  in the plane of symmetry of the fuselage with the positive direction 
through the floor; and the y-axis is positive to the right side, completing a right-hand 
coordinate frame. The transformation from the local level f rame t o  the body f rame is: 
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COS e 0 
sin 8 s in  @ cos @ cos 8 s in  @ 
sin 8 cos @ -sin @ 
where 8 and @ are the pitch and rol l  attitude angles. Positive directions for  the body 
forces  and moments (Fx, Fy, FZ and L, M, N) and the body angular velocities (P, 
Q, R) are shown in figure Al. 
FRONT ROTOR 
hf I \  






Figure A2. - Definition of rotor-shaft  axes, wind axes, and rotor forces  
for  front rotor and rear rotor. 
Figure A2 defines the relationship of the body axes, rotor-shaft axes, and wind axes 
as used in the nonlinear model. (The subscripts f and r refer t o  the front rotor and 
the rear rotor.) Two rotor-hub axes (x', y', 2') are defined parallel  to the body axes, 
one centered at the front rotor hub and the second a t  the rear rotor hub. 
the two rotor hubs relative to the vehicle center of gravity are given by Z f ,  Z r ,  hf, and 
hr.  The rotor-shaft axes (xs, ys, Z S )  are related t o  the body frame by 
The locations of 
4.1 
APPENDIX A 
where i is the shaft incidence angle. 
The wind axes for  each rotor i s  related to  the respective shaft axes by the rotor 
sideslip angles P i  and as follows: 
cos p; 


















where the rear rotor forces  constitute a left-hand coordinate frame. 
tions for all rotor forces  are shown in figure A2. 
The positive direc-  
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The definition of fuselage angle of attack (crfus) and angle of sideslip (Ofus) is shown 
in figure A3. The three linear velocities U, V, and W are defined along the x, y, 
and z body axes, respectively. 
center of gravity 
Figure A3.- Definition of fuselage angle of attack ofus and 




EQUATIONS FOR HELICOPTER NONLINEAR MODEL 
The 10 inputs to the helicopter nonlinear model (HELICOP) are the three body-axes 
velocities U, V, and W, the three angular body rates P, Q, and R, and the four con- 
t ro l  st ick positions 6 ~ ,  6c, 6s, and 6 ~ .  The six outputs are the three forces  Fx, 
Fy, and FZ and the three  moments L, M, and N. Constants fo r  the model are p re -  
sented in appendix C. A complete list of equations for  each module (found mainly in 
ref. 2) are presented in this appendix. (Subscripts F and R refer  to the front and rear 
rotors,  respectively.) The equations in this appendix are essentially in modular form fo r  
use  in a computer program. 
Additional symbols applicable to  this appendix are defined as follows: 
AOF,AOR front / rear  rotor coning angle, rad 
AIF,AIR front / rear  longitudinal flapping angle, r ad  
AICF~AICR front / rear  lateral  cyclic pitch angle in rotor-shaft axes, rad 
AICFDR,AICRDR rate  of change of f ront / rear  la teral  cyclic with direction control, 
rad/m 
AICFDS,AICRDS rate  of change of f ront / rear  la teral  cyclic with lateral  control, rad/m 
A I C F R , A I C ~  front / rear  lateral cyclic pitch angle in wind axes, rad 
slope of rotor-blade lift curve per  radian 
BIF,BIR front / rear  lateral flapping angle, rad 
BICF, BICR front / rear  longitudinal cyclic pitch angle in rotor-shaft axes, r ad  o r  deg 
BICFR,BICRR front / rear  longitudinal cyclic pitch angle in wind axes, rad 
bS number of blades p e r  rotor  
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CFE equivalent flat-plate drag  area of fuselage, m2 
cF1,. . . ,cF4 dummy variables in equations (B91a) t o  (B91d) 
rate of change of fuselage lift force  with CY normalized by dynamic pressure,  
m2/rad 
rate of change of fuselage rolling moment with P normalized by dynamic 
pressure,  m3/rad 
rate of change of fuselage pitching moment with CY normalized by dynamic 
pressure,  m3/rad 
rate of change of fuselage yawing moment with P normalized by dynamic 
pressure,  m3/rad 
.,CR4 dummy variables in equations (B91e) to  (B91h) 
rate of change of fuselage side force  with P normalized by dynamic pressure,  
ma/rad 
body-axes velocity component in longitudinal plane, m/sec 
body-axes velocity component in lateral  plane, m/sec 
rotor flapping hinge offset, m 
dummy variable, kg-m (see eq. (B44)) 
HCFJCR front / rear  rotor drag-force coefficient 
LFUS aerodynamic rolling moment about helicopter center of gravity due to fuselage, 
N-m 
LHF, LHR front / rear  la teral  hub moment, N-m 
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LP rolling moment about helicopter center of gravity due to  rotor drag and side 
forces, N-m 
MD Mach number above which a nonlinear compressibility t e rm i s  added 
MFUS aerodynamic pitching moment about helicopter center of gravity due to  fuse- 
lage, N-m 
M H F ~ H R  front / rear  longitudinal rotor hub moment, N-m 
MP pitching moment about helicopter center of gravity due t o  rotor thrust, drag, 
and side forces,  N-m 
M T ~ O F , M T ~ O R  front / rear  Mach number a t  rotor  blade azimuth of 90° 
mass  moment of blade about flapping hinge, N-m MW 
NFUS aerodynamic yawing moment about helicopter center of gravity due to fuselage, 
N-m 
NP yawing moment about helicopter center of gravity due to rotor drag and side 
forces, N-m 
PF,PR front / rear  components of vehicle rolling ra te  about rotor  wind axes, rad/sec 







f ront / rear  rotor torque coefficient 
dynamic pressure,  N/m2 
front / rear  components of vehicle pitching rate about rotor wind axes, rad/sec 
rotor blade radius, m 
front / rear  components of vehicle yawing ra te  about rotor  wind axes, rad/sec 
RIF, RIR 
TC 
(T c, b rea k 
t C 
U F J R  
UF i , U ~ i  
'F 2, uR2 
V F I ~ V R ~  
WFUS 





f ront / rear  rotor wake angle, rad 
dummy variable related to rotor  thrust  coefficients (see eqs. (B28) to (B35)) 
break point above which a nonlinear function simulating rotor lift stall is 
included 
rat io  of thickness to  blade section chord 
front / rear  rotor relative wind velocity in rotor wind axes, m/sec 
longitudinal velocity of front/rear rotor along x-axis of body, m/sec 
longitudinal velocity of front/rear rotor in rotor -shaft axes, m/sec 
lateral  velocity of f ront / rear  rotor along y-axis of body, m/sec  
vertical  body axes velocity due to  fuselage, m/sec 
vertical  velocity of f ront / rear  rotor along z-axis of body, m/sec 
vertical velocity of f ront / rear  rotor in rotor wind axes, m/sec  
front / rear  rotor side-force coefficient 
rotor blade lock number 
ATcF,ATcR thrust  limit nonlinear gain from reference 2 (see fig. B2) 
~ F H , ~ R H  front/rear drag coefficient for  rotor  drag force  and torque 
6 0  nominal average rotor drag coefficient without correction t e rm 




BFDC,@RDC rate of change of f ront / rear  collective pitch with collective stick, rad/m 
8OF,8OR front / rear  root collective pitch, r a d  
rotor blade twist, r ad  OT 
OTF,OTR root collective pitch at full 6c, rad 
0 rotor solidity ratio 
520 nominal rotor rotational speed, rad/sec 
I Governor 
52 = 520 
II Transformation Parameters  and Aerodynamic Coordinate Transformation 
Front Rotor 
Rotor velocities in body axes 
uF1= U - hfQ 
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Rotor velocities in rotor -shaft axes 
Relative wind velocity in rotor wind axes 
Rotor sideslip angle 
cos p;F = p 
~~ __ _ _  . . . , , . , .. . . 
APPENDIX B 
Angular velocities in rotor wind axes 
cos iF cos Pk s in  Pb 
iF sin cos  Pb 
-sin iF 0 
Avance ratio 
U F  
ORB 
P F  =-  
p sin iF cos PjF 
-sin iF s in  P j C j  
cos i F  
Component of inflow rat io  
Rear Rotor 
Rotor velocities in body axes 
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Rotor velocities in rotor -shaft axes 
- - 
-cos iR cos Pk -sin -sin iR cos Pk 
-sin iR s in  
sin iR 0 -cos iR 
= -cos iR sin /3h cos Pk 
- - 
Relative wind velocity in rotor wind axes 
0319) E] 
Rotor sideslip angle 
cos Pk = [2 
Angular velocities in rotor wind axes 





Component of inflow rat io  
wR2 'Ck = 
III Control Mixing and Coordinate Transformation 
Front Rot o r  
QOF = ~ T F  + ~ F D B ~ B  + ~ F D C ~ C  
AICF = AICFDS~S + AICFDR~R 
Rear Rotor 
 OR = ~ T R  + ~ R D B ~ B  + ~ R D C ~ C  
AICR = AICRDS~S + AICRDR~R 
The longitudinal cyclic t r im  t e r m s  (BICF, BICR) automatically introduce forward 
longitudinal cyclic pitch into both rotor  systems as  a function of airspeed, as shown in 
figure B1. 
IV  Thrust Coefficients 
Front Rotor 
APPENDM B 
- 0.288 - 0 . 4 8 ~ ~  
(TCF)break - aS 
where ATCF i s  computed from figure B2. 
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F C R  
where ATCR is computed from figure B2. 
V Rotor Inflow Ratios and Interference Parameters  
F o r  U x  2 0: 
0334) 
For U x <  0: 
dFRF = 0.356 +‘0 .321R1~ - 0 . 3 6 8 ( R 1 ~ ) ~  + 0.392(Rm)T (1 - ISin phi) + k.356 + 0.0131Rm [ 
- 0.0764 (RIR)~ - O . O O ~ ~ ( R I R ) ~  I s in  0340) 
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VI Rotor Forces  and Moments 
Front Rot o r  
Drag coefficient 
F o r  MTCJOF - MD 5 0, 
where 









Longitudinal flapping angle 
Lateral flapping angle 
4 
BIF = 3 
+ AICFR) (REFR + -) 









Longitudinal hub moment 
Lateral  hub moment 
APPENDIX B 
Rear Rotor 
Drag  coefficient 
For MTCJOR - MD 2 0, 




( B 4  
Longitudinal flapping angle 
Lateral flapping angle 
APPENDIX B 
Side-force coefficient 
AICRR) ~ I ; R R  AIR) 
6 + XR(% - + AOR -4 4 
Side force 
Horizontal -force coefficient 
P R ~ R  
HCR = TCRAIR + 
Horizontal force 
Torque c oef f i c ient 
+ h R ( m  - a) - AORAICRR + QORXR QTXR BICRRAIR 
4 2 6 3 4 8 
Torque required 
I 
l l l I l l I l l I l  I I 
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Longitudinal hub moment 
Lateral  hub moment 
VI1 Fuselage Forces  and Moments 
Vertical velocity with downwash 
Fuselage angle of attack 
fwFUS 
sin afus = { DFUSl 
cos a f u s  = 
It 
(DFUS1’ O) 
(DFUS1 = O) 
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Fuselage angle of sideslip 
s in  pfus = [F DFUS2 
Dynamic pressure  




where the flat-plate drag of the fuselage (CFE) i s  found from figure B3 as a function of the 
angles of attack and sideslip. 
Fuselage moments 
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c1 = oo f u s  
c1 = -2OO fus  
c1 = 20° f u s  
- 
I I I I I 
-20 -10 0 10 20 
Sideslip angle, BfUS,  deg 
Figure B3.- Flat-plate drag area of fuselage as a function of angle of attack 
and sideslip angle. 
VITI Total System Forces  and Moments 
Define the following: 





c F 3  = s in  iF 
CF4 = cos i F  
CR1= s in  Pk 
c R 3  = s in  iR 
Total forces  
0 
-cR2cR4 cR1cR4 
+ -‘R1 -cR2 I 
Moments resulting from rotor forces  












CONSTANTS FOR CH-47B 
Constants used in this report  are for  the center of gravity of the vehicle located at 
fuselage station line 338 (0.1778 m) aft and at water line 18.7 (1.309 m). Numerical values 
of these constants are as follows: 
AICFDR = 125 deg/m (3.18 deg/in.) 
AICRDR = 125 deg/m (3.18 deg/in.) 
AICFDS = 75.2 deg/m (1.91 deg/in.) 
AICRDS = -75.2 deg/m (-1.91 deg/in.) 
as = 5.75 
bs = 3 
C L ~  = 32.5 m2/rad (350 ft2/rad) 
C,p = 6.57 m3/rad (232 ft3/rad) 
C M ~  = 142 m3/rad (5000 ft3/rad) 
CNP = 51.5 m3/rad (1820 ft3/rad) 
Cyp = 43.4 m2/rad (467 ft2/rad) 
eS = 0.203 m (0.667 f t )  
hf = 2.093 m (6.867 f t )  
h r  = 3.527 m (11.57 f t )  
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Ixx= 50 386.3 kg-m2 (37 163 slug-ft2) 
Iyy= 273 536 &-m2 (201 750 slug-$) 
IZZ = 257 685 kg-m2 (190 059 slug-ft2) 
Ixz = 19 838.3 kg-m2 (14 632 slug-ft2) 
if = 9.00 
i, = 4.00 
2f = 6.425 m (21.08 ft) 
1, = 5.450 m (17.88 f t )  
MW = 510.2 kg-m (114.7 slug-ft) 
m = 14 968.6 kg (1 025.67 slug) 
RB = 9.144 m (30 f t )  
y = 8.26 
60  = 0.0094 
8FDB = 24.2 deg/m (0.615 deg/in.) 
BRDB = -24.2. deg/m (-0.615 deg/in.) 
BFDC = 73.4 deg/m (1.864 deg/in.) 
B R ~  = 73.4 deg/m (1.864 deg/in.) 
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p = 1.227 kg/m3 (0.00238 slug/ft3) 
c = 0.067 
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LINEAR PERTURBATION MODEL 
This appendix presents  the development of the linear perturbation model in both the 
coupled and uncoupled forms. Fo r  completeness, details are included which show the re- 
lationship of the nonlinear model and the perturbation l inear model, the method of handling 
a general  t r im  condition (nonstatic t r im  conditions), and the assumption required t o  a r r ive  
at the coupled and uncoupled models used in this report. 
A nonlinear model of a vehicle can be considered as a transformation of the vehicle - 
state ZT and control ZT into forces  FT and moments %T applied to  the vehicle 
(fig. Dl(a)); that is, 
FT = fi(%,G) I - 
An equivalent representation of the vehicle motions, which is more convenient for 
control system design, i s  to have as outputs the ra te  of change of the state variables (see 
fig. Dl(b)). The general nonlinear representation i s  
The transformation between equations (Dl) and (D2) i s  given in reference 7. 
to  represent equation (D2) by a se r i e s  expanded about a nominal condition (ZN, 
It is  possible 
6N) as 
- 
If the perturbations (fig. Dl(c)) 
and 
IIIIIII I I 1  I I l l  I 
t 
L - 





* - ,  
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6T 
(b) Angular and linear acceleration output of nonlinear model. 
- I  - , xN 
T=-TJ--T Linear model 
(c) Angular and linear acceleration output of linear model. 
Figure D1.- Nonlinear and l inear representation of vehicle dynamics. 
- 
6N 




In this report  the state vector i s  defined by 
- 
X =  
. e  Q,1 
where v j ~  = (U, V, W)T i s  the vehicle linear velocity expressed in body coordinates, 
OB = (P, Q, R)T i s  the vehicle body ra te  expressed in body coordinates, and 0 and Q, 
are the vehicle pitch and roll  angles. The control vector T8 i s  given by 
- 
6 =  
where 6~ i s  differential collective stick, 6c i s  collective stick, 6s is cyclic stick, 
and 6~ i s  differential cyclic stick. - 
The nominal values ZN, 6~ and the coefficient matrices [A], [B] are functions of 
the flight condition. 
i.e., 
This report  considers nonaccelerating and nonrotating flight paths, - 
XN = 0, fo r  which the nominal state i s  given by 







m (2 + u.) - Z R  m 
0 
U 0 QP 
0 RP 
0 0 1 .sin @ N  tan 6~ cos $JN tan 6~ 0 
- z6B 
m 
+ \ I =  ' I Z Z ]  
0 
0 




















IXXIZZ - 1;iZ 
I3 = Iz ZIXZ 
2 
IXXIZZ - Ixz 
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Equation (D12) represents  the coupled motion of the longitudinal variables (U, 
Q, 0) and the lateral variables (R, P, V, @). Coupling refers to the fact that per tur -  
bations in longitudinal variables affect the ra te  of change of la teral  variables and vice 
versa.  For many vehicles this coupling is not strong enough to influence the motion of 
the vehicle. For these cases  the c ross  derivatives and @ N  are assumed equal to  zero, 
and the set of eight coupled equations can be written as two sets of four equations each. 
The longitudinal equations are 
W, 
0 0 1 
and the lateral  equations are 
1 0 I 
-g COS By, 
-g s in  B N  
0 
0 
U P  
WE 
Q P  
0P 
+ 
tan 8N O I  
(IZLR I yN9 (Y"v +- 
Ixx zz  xx Izz 
YV - 1  m 
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TRIM AND DERIVATIVE DATA 
A complete se t  of t r ims  and derivatives are shown in tables E l  and E2 for sea-level 
conditions and for  the flight envelope -40 5 X 9 160 knots and -10.16 9 2 9 10.16 m/sec 
(*2000 ft/min). The t r i m s  and derivatives are given in the International System of Units 
(SI) in table E l  and in the U.S. Customary Units in table E2. These data are based upon 
a center of gravity of 0.1778 m (7 in.) aft of the vehicle reference point. Al l  of the force 
derivatives are normalized by m, the rolling moments by I=, the pitching moments by 
Iyy, and the yawing moments by IZZ. Values for  m, IXX, Iyy, and IZZ are given 
in appendix C. 
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TABLE El.  - STABILITY DERIVATIVES AND TRIMS IN SI UNITS 
Unit 
(a) !k = -10.16 m/sec 
meter at X, knots, of - 
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TABLE El.- Continued 
(b) 5 = -7.62 m/sec 
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I t G .  
I F G .  
1 H I  F I T T I  
TABLE El.-  Continued 
(c) Z = -5.08 m/sec 
Value of parameter at X, knots, a r - -  
1 L 
n ,  -20. t ~ n  A U D  t a n  V A L I I F S .  
. - .  
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TABLE El.-  Continued 
(d) 2 = -2.54 m/sec 
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TABLE E 1. - Continued 
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TABLE El. - Continued 
(f) 2 = 2.54 m/sec 
Value of parameter at X. knots, 01 
'*o 1 20 
. .  
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TABLE El . -  Continued 
(g) 2 = 5.08 m/sec 
m e t e r  at X, knots ,  I 
. .  Param- 
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TABLE E l .  - Continued 
(h) i = 7.62 m/sec 
ilue of parameter  at X, knots, o 
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TABLE El.- Concluded 
(i) 2 = 10.16 m/sec 
. - .  ~ ~ - ~- ~- 
Value ~f urameter at X. hots. of _ -  
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TABLE E2.- STABILITY DERIVATIVES AND TRIMS IN U.S. CUSTOMARY UNITS 
Z =  -2000 ft/min 
Value of parameter at 
. -  
140 160 
.. ~ 
. .  
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TABLE E2. - Continued 
(b) Z = -1500 ft/min 
Value of parameter  a t  X, knots, of 7 
160 I 
86 
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TABLE E2.- Continued 
(c> i = -1000 ft/min 
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TABLE E2.- Continued 
(d) 2 = -500 ft/min 
1 Unit 
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